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1. Introduction 

In the last years, motivic integration has shown to be a quite powerful tool in 
producing new invariants in birational geometry of algebraic varieties over a field 
fc, say of characteristic zero, cf. ||l7|| pj H |[To| fill fll^j ■ Let us explain the basic 



idea behind such results. If h : Y — ► X is a proper birational morphism between 
fc-algebraic varieties, the induced morphism C{Y) — > C(X) between arc spaces (cf. 
||10|| ) is an isomorphism outside subsets of infinite codimension. By a fundamental 
change of variable formula, motivic integrals on C(X) may be computed on C{Y) 
when Y is smooth. 

In the present paper we develop similar ideas in the somewhat dual situation of 
degenerating families over complete discrete valuation rings with perfect residue 
field, for which rigid geometry appears to be a natural framework. More precisely, 
let R be a complete discrete valuation ring with fraction field K and perfect residue 
field k. We construct a theory of motivic integration for smooth^ rigid K-spaces, 
always assumed to be quasi-compact and separated. Let X be a smooth rigid K- 
space of dimension d. Our construction assigns to a gauge form w on X, i.e. a 
nowhere vanishing differential form of degree d on X, an integral J x uodjl with value 
in the ring i^ (Var fc ) loc . Here K {Va.r k ) loc is the localization with respect to the 
class of the affine line of the Grothendieck group of algebraic varieties over k. In 
concrete terms, two varieties over k define the same class in _Ko(Var fc ) loc if they 
become isomorphic after cutting them into locally closed pieces and stabilization by 
product with a power of the affine line. More generally, if uj is a differential form of 
degree d on X, we define an integral J x udfj J with value in the ring K (Va,r k ), which 
is the completion of i^ (Var fc ) loc with respect to the filtration by virtual dimension 



(see §|3]4]). The construction is done by viewing X as the generic fibre of some 



^The extension to singular rigid spaces when K is of characteristic zero will be considered in a 
separate publication. 
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formal i?-scheme X. To such a formal i?-scheme, by mean of the Greenberg functor 
X \— f Gr(A') one associates a certain /c-scheme Gr(A'), which, when R = k[[t]], 
and X is the formal completion of X <g> k[[t]], for X an algebraic variety over k, 
is nothing else that the arc space C(X ) considered before. We may then use the 



general theory of motivic integration on schemes Gr(A') which is developed in |24 
Of course, for the construction to work one needs to check that it is independent of 
the chosen model. This is done by using two main ingredients: the theory of weak 
Neron models developed in [|5|] and |9|, and the analogue for schemes of the form 
Gt(X) of the change of variable formula which is proven in |[24]|. In fact the theory 



of weak Neron models really pervades the whole paper and some parts of the book 
f5|] were crying out for their use in motivic integration^. 

As an application of our theory, we are able to assign in a canonical way to any 
smooth quasi-compact and separated rigid i^-space X an element X(X) in the quo- 
tient ring i^ (Varfc) loc /(L — l)Ko(VaXk) loc , where L stands for the class of the affine 
line. When X admits a formal i?-model with good reduction, X(X) is just the class 
of the fibre of that model. More generally, if U is a weak Neron model of X, X(X) 
is equal to the class of the special fibre of U in i^ (Varfc) loc /(L — l).Ko(Varfc) loc . In 
particular it follows that this class is independent of the choice of the weak Neron 
model U. 

This result can be viewed as a rigid analogue of a result of Serre concerning compact 
smooth locally analytic varieties over a local field. To such a variety X, Serre 
associates in (25], using classical p-adic integration, an invariant s(X) in the ring 
Z/(g — 1)Z, where q denotes the cardinality of the finite field k. Counting rational 
points in k yields a canonical morphism i^ (Var fc ) loc /(L — l)iQ)(Var&) Ioc — > Z/(g — 
1)Z, and we show that the image by this morphism of our motivic invariant X(X) of 
a smooth rigid K-space X is equal to the Serre invariant of the underlying locally 
analytic variety. 

Unless making additional assumptions on X, one cannot hope to lift our invariant 
X(X) to a class in the Grothendieck ring K (Vaik) loc , which would be a substitute for 
the class of the special fibre of the Neron model, when such a Neron model happens 
to exist. In the particular situation where X is the analytification of a Calabi-Yau 
variety over K, i.e. a smooth projective algebraic variety over K of pure dimension 
d with Q x trivial, this can be achieved: one can attach to X a canonical element 
of i^o(Varfc) loc , which, if X admits a proper and smooth .R-model X, is equal to 
the class of the special fibre X in i£o(Varfc) loc . In particular, if X admits two such 
models X and X', the class of the special fibres X and Xq in i^ (Varfc) loc are equal, 
which may be seen as an analogue of Batyrev's result on birational Calabi-Yau 
varieties QJ. 

The paper is organized as follows. Section [2| is devoted to preliminaries on formal 
schemes, the Greenberg functor and weak Neron models. In the following section, 
we review the results on motivic integration on formal schemes obtained by the 



second named author in ||24|| which are needed in the present work. We are then 



( 2 )cf. the remark at the bottom of p. 105 in |l|. 
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able in section |] to construct a motivic integration on smooth rigid varieties and to 
prove the main results which were mentionned in the present introduction. Finally, 
in section || guided by the analogy with arc spaces, we formulate an analogue of 
the Nash problem, which is about the relation between essential (i.e. appearing 
in every resolution) components of resolutions of a singular variety and irreducible 
components of spaces of truncated arcs on the variety, for formal i?-schemes with 
smooth generic fibre. In this context, analogy suggests there might be some relation 
between essential components of weak Neron models of a given formal i?-scheme X 
with smooth generic fibre and irreducible components of the truncation 7T n (Gr(A?)) 
of its Greenberg space for n ^> 0. As a very first step in that direction we compute 
the dimension of the contribution of a given irreducible component to the truncation. 



2. Preliminaries on formal schemes and Greenberg functor 

2.1. Formal schemes. — In this paper R will denote a complete discrete valua- 
tion ring with residue field k and fraction field K. We shall assume k is perfect. We 
shall fix once for all an uniformizing parameter w and we shall set R n := R/(zu) n+1 , 
for n > 0. In the whole paper, by a formal i?-scheme, we shall always mean a 
quasi-compact, separated, locally topologically of finite type formal i?-scheme, in 
the sense of §10 of |l3|| . A formal i?-scheme is a locally ringed space (X,Ox) 
in topological .R-algebras. It is equivalent to the data, for every n > 0, of the 
-R n -scheme X n = (X,Ox ®i? R n )- The /c-scheme X is called the special fibre of 
X. As a topological space X is isomorphic to X and Ox = lim Ox„ ■ We have 
X n = X n+ i ®R n+1 R n and X is canonically isomorphic to the inductive limit of the 
schemes X n in the category of formal schemes. Locally X is isomorphic to an affine 
formal .R-scheme of the form Spf A with A an i?-algebra topologically of finite type, 
i.e. a quotient of a restricted formal series algebra R{Ti, . . . ,T m }. If y and X 
are i?-formal schemes, we denote by H.om R (y, X) the set of morphisms of formal 
i?-schemes y — > X, i.e. morphisms between the underlying locally topologically 



ringed spaces over R (cf. §10 of ||13| ). It follows from Proposition 10.6.9 of (13 
that the canonical morphism Hornby, X) — » lim Hoin^ (34, X n ) is a bijection. 
If k is a field, by a variety over k we mean a separated reduced scheme of finite type 
over k. 



2.2. Extensions. — Let A be a fc-algebra. We set L(A) = A when R is a ring 
of equal characteristic and L(A) = W(A), the ring of Witt vectors, when R is a 
ring of unequal characteristic and we denote by Ra the ring Ra '■= R ®L(k) L(A). 
When F is a field containing k, we denote by Kp the field of fractions of Rf- When 
the field F is perfect, the ring Rf is a discrete valuation ring and, furthermore, the 
uniformizing parameter w in R induces an uniformizing parameter in Rp. Hence, 
since k is assumed to be perfect, the extension R — > Rp has ramification index 1 in 
the terminology of §3.6 of [|5|]. 
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2.3. The Greenberg Functor. — We shall recall some material from |14j| and 
§9.6 of fl5|. Let us remark, that, when R is a ring of equal characteristic, we can 
view R n as the set of k- valued points of some affine space A™ which we shall denote 
by TZ n , in a way compatible with the fc-algebra structure. When R is a ring of 
unequal characteristic, R n can no longer be viewed as a fc-algebra. However, using 
Witt vectors, we may still interpret R n as the set of k- valued points of a ring scheme 
lZ n , which, as a fc-scheme, is isomorphic to some affine space A™. Remark we have 
canonical morphisms 7£ n+ i — > TZ n . 

Now, for every n > 0, we consider the functor h n which to a fc-scheme T associates 
the locally ringed space h n (T) which has T as underlying topological space and 
Homk(T,lZ n ) as structure sheaf. In particular, for any fc-algebra A, 

h* n (A)=Spec(R n ® m L(A)). 

Taking A = k, we see that h n T is a locally ringed space over SpecR n . 

By a fundamental result of Greenberg |14|| (which in the equal characteristic case 

amounts to Weil restriction of scalars), for i?„-schemes X n , locally of finite type, the 

functor 

T^Kom Rn (h n (T),X n ) 

from the category of fc-schemes to the category of sets is represented by a fc-scheme 
Gr n (X n ) which is locally of finite type. Hence, for any fc-algebra A, 

Gr n (X n )(A) = X n (R n ® L(fc) L(A)), 

and, in particular, setting A = k, we have 

Gr n (X n )(k) = X n (R n ). 

Among basic properties the Greenberg functor respects closed immersions, open 

imersions, fibred products, smooth and etale morphisms and also sends affines to 

affines. 

Now let us consider again a formal .R-scheme X . The canonical adjunction mor- 

phism /z* +1 (Gr n+1 (X n+1 )) — > X n+1 gives rise, by tensoring with R n , to a canonical 

morphism of of _R„-schemes h n (Gr n+ i(X n+ i)) —* X n , from which one derives, again 

by adjunction, a canonical morphism of /c-schemes 

On '■ Gr„ + i(X n+ i) — ► Gr n (X n ). 

In this way we attach to the formal scheme X a projective system (Gr n (X n )) neN of 
fc-schemes. The transition morphisms 6 n being affine, the projective limit 

Gr(#) :=limGr„,(X„) 

exists in the category of fc-schemes. 

Let T be a fc-scheme. We denote by h*(T) the locally ringed space which has 
T as underlying topological space and lim TiorrikiT, 1Z n ) as structure sheaf. It is a 
locally ringed space over Spf R which identifies with the projective limit of the spaces 
h* n {T) in the category of locally ringed spaces. Furthermore one checks, similarly 
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as in Proposition 10.6.9 of |13|], that the canonical morphism Hom^(/i*(T), X) —* 
lim Hom^ (h* (T) , X n ) is a bijection for every formal -R-scheme X. 
Putting everything together we get the following: 

2.3.1. Proposition. — Let X be a quasi- compact, locally topologically of finite 
type formal R-scheme. The functor 

T — >H.om R (h*(T),X) 

from the category of k -schemes to the category of sets is represented by the k-scheme 
Gt(X). D 

In particular, for every field F containing k, there are canonical bijections 

Gr(X)(F) ~ Hom^Spf R F ,X) ~ X(R F ). 

One should note that, in general, Gr(^) is not of finite type, even if X is a quasi- 
compact, topologically of finite type formal -R-scheme. 

In this paper, we shall always consider the schemes Gr n (X n ) and Gr(A") with their 
reduced structure. 
Sometimes, by abuse of notation, we shall write Gr^Af) for Gr n (X n ). 

2.3.2. Proposition. — 

(1) The functor Gr respects open and closed immersions, fibre products, and sends 
affine formal R-schemes to affine k-schemes. 

(2) Let X be a formal quasi-compact and separated R-scheme and let (Oj)j 6 j be a 
finite covering by formal open subschemes. There are canonical isomorphisms 
Gi(OinOj) ~ Gr(Oi)nGr(Oj) and the scheme Gr(X) is canonically isomorphic 
to the scheme obtained by glueing the schemes Gr(Oi). 



Proof. — Assertion (1) for the functor Gr n is proved in ||14| and |^], and follows 
for Gr by taking projective limits. Assertion (2) follows from (1) and the universal 
property defining Gr. □ 

2.3.3. Remark. — Assume we are in the equal characteristic case, i.e. R = 
k[[zu]}. For X an algebraic variety over k, we can consider the formal -R-scheme 
X®R obtained by base change and completion. We have canonical isomorphisms 
Gi(X®R) ~ £{X) and Gr n {X ® R n ) ~ C n {X), where C(X) and C n (X) are the arc 



spaces considered in [10 



2.4. Smoothness. — Let us recall the definition of smoothness for morphisms of 
formal -R-schemes. A morphism / : X — > y of formal -R-schemes is smooth at a 
point x of X of relative dimension d if it is flat at x and the induced morphism 
/o : X — > Y is smooth at x of relative dimension d. An equivalent condition (cf. 
Lemma 1.2 of 0) is that for every n in N the induced morphism f n : X n — > Y n 
is smooth at x of relative dimension d. The morphism / is smooth if it is smooth 
at every point of X . The formal -R-scheme X is smooth at a point x of X if the 
structural morphism is smooth at x. 
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Let A 1 be a flat formal -R-scheme of relative dimension d. We denote by X sing 
the closed formal subscheme of X defined by the radical of the Fitting ideal sheaf 
Fittd^x/R- The formal -R-scheme X is smooth at a point x of X (resp. is smooth) 
if and only if x is not in X s - mg (resp. X S i ng is empty). 

2.5. Greenberg's Theorem. — The following statement, which is an adaptation 



of a result of Schappacher ||23|| . is an analogue of Greenberg's Theorem ||15|| in the 



framework of formal schemes. We refer to ||24j| for a more detailled exposition. 

2.5.1. Theorem. — Let R be a complete discrete valuation ring and let X be a 
formal R-scheme. For every n > 0, there exists an integer jx(n) > n such that, 
for every field F containing k, and every x in X(Rp/zu 7x ^ +1 ), the image of x in 
X(R F /zu n+1 ) may be lifted to a point in X(R F ). 

2.5.2. Remark. — The function n i— > jx{n) is called the Greenberg function of 
X. 

2.6. Rigid spaces. — For X a flat formal -R-scheme we shall denote by X K its 
generic fibre in the sense of Raynaud |22| . By Raynaud's Theorem [221 , ||, the 
functor X \— > X K induces an equivalence between the localization of the category of 
quasi-compact flat formal -R-schemes by admissible formal blowing-ups, and the cat- 
egory of rigid i^-spaces which are quasi-compact and quasi-separated. Furthemore, 
X is separated if and only if Xk is separated (cf. Proposition 4.7 of (6|). Recall 
that for the blowing-up of an ideal sheaf X to be admissible means that I contains 
some power of the uniformizing parameter w. In the paper all rigid i^-spaces will 
be assumed to be quasi-compact and separated. 

2.7. Weak Neron models. — We shall denote by R sh a strict henselization of 
R and by K sh its field of fractions. 

2.7.1. Definition. - - Let X be a smooth rigid K- variety. A weak formal Neron 
modelQ of X is a smooth formal i?-scheme W, whose generic fibre IAk is an open 
rigid subspace of X K , and which has the property that the canonical map U(R sh ) — ► 
X{K sh ) is bijective. 

The construction of weak Neron models using Neron's smoothening process pre- 
sented in [5|], carries over almost literally from i?-schemes to formal -R-schemes, and 
gives, as explained in [^], the following result: 

2.7.2. Theorem. — Let X be a quasi-compact formal R-scheme, whose generic 
fibre Xk is smooth. Then there exists a morphism of formal R-schemes X' — ► X , 
which is the composition of a sequence of formal blowing-ups with centers in the 
corresponding special fibres, such that every R sh -valued point of X factors through 
the smooth locus of X' . 



^We follow here the terminology of []9) which is somewhat different from that of |5[. 
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One deduces the following omnibus statement: 

2.7.3. Proposition. — Let X be a smooth quasi-compact and separated rigid It- 
space and let X be a formal R-model of X , i.e a quasi-compact formal R-scheme 
X with generic fibre X . Then there exists a weak formal Neron model U of X 
which dominates X and which is quasi-compact. Furthermore the canonical map 
U(R sh ) — > X(R sh ) is a bisection and for every perfect field F containing k, the 
formal Rp-scheme U ®r Rp is a weak Neron model of the rigid K F -space X ® K K F . 
In particular, the morphismlA — ► X induces a bijection between points ofGi(U) and 
Gx{X). 

Proof. — We choose a formal model X of X such that we are in the situation of 



Theorem |2.7.2| . The smooth locus U of X' is quasi-compact and is a weak Neron 
model of X Kl since, by [9|] 2.2 (ii), every K sh - valued point of X K extends uniquely 
to a i? sh -valued point of X. Also, it follows from Corollary 6 of §3.6 |5| that, if U 
is a weak Neron model of the rigid i^-space X, then for every field F containing 
k, the formal .ftp-scheme U ®r Rf is a weak Neron model of the rigid Kp-sp&ce 
X ® K K F . U 



3. Motivic integration on formal schemes 



The material in this section is borrowed from 24] to which we shall refer for details. 



3.1. Truncation. — For X a formal -R-scheme, we shall denote by n n x or n n the 
canonical projection Gr(A") — > Gr n (X n ), for n in N. 



Let us first state the following corollary of Theorem |2.5.1 



3.1.1. Proposition. — Let X be a formal R-scheme. The image 7r n (Gr(A')) of 
Gr(A") in Gx n {X n ) is a constructible subset of Gr n (X n ) . More generally, if C is a 
constructible subset of Gi m (X m ), Ti n {Ti^-{C)) is a constructible subset of Gr n (X n ), 
for every n > 0. 

Proof. — Indeed, it follows from Theorem |2.5.1| that n n {Gi{X)) is equal to the 
image of Gr 7 ( n) (X 7 ( n) ) in Gr„(X„). The morphism Gr 7 ( n )(X 7(n) ) — ► Gr„,(X n ) being 
of finite type, first the statement follows from Chevalley's Theorem. For the second 
statement, one may assume m = n, and the proof proceeds as before. □ 

3.1.2. Proposition. — Let X be a smooth formal separated R-scheme (quasi- 
compact, locally topologically of finite type over R), of relative dimension d. 

(1) For every n, the morphism ir n : Gr(A") — > Gr n (X n ) is surjective. 

(2) For every n and m in N, the canonical projection Gi n+m {X n+m ) — > Gr n (X n ) 
is a locally trivial fibration for the Zariski topology with fibre Af 71 . 

We say that a map n : A — ► B is a piecewise morphism if there exists a finite 
partition of the domain of n into locally closed subvarieties of X such that the 
restriction of n to any of these subvarieties is a morphism of schemes. 



8 FRANQOIS LOESER & JULIEN SEBAG 

3.2. Away from the singular locus. — Let X be a formal -R-scheme and con- 



sider its singular locus X s - mg defined in |2~4| . For any integer e > 0, we view Gr e (X singje ) 
as contained in Gr e (X) and we set 

Gr( £ )(*) := Gr(*) \ n; l (Gi e (X singie )). 

We say that a map n : A — ► B between /c-constructible sets A and B is a piecewise 
trivial fibration with fibre F, if there exists a finite partition of B in subsets S which 
are locally closed in Y such that 7r _1 (S') is locally closed in X and isomorphic, as 
a variety over k, to S x F, with it corresponding under the isomorphism to the 
projection S x F — > S. We say that the map n is a piecewise trivial fibration over 
some constructible subset C of B, if the restriction of ir to 7r _1 (C) is a piecewise 
trivial fibration onto C. 

3.2.1. Proposition. — Let X a flat formal R-scheme of relative dimension d. 
There exists an integer c > 1 such that, for every integers e and n in N such that 
n > ce, £/ae projection 

7r n+1 (Gr(^)) — . 7r n (Gr(*)) 

«s a piecewise trivial fibration over ir n {Qi^ e '(X)) with fibre Af. 

3.3. Dimension estimates. — 

3.3.1. Lemma. — Let X be a formal R-scheme whose generic fibre Xk is of 
dimension < d. Then 

(1) For every n in N, 

dim7r n (Gr(;r)) < (n+l)d. 

(2) Form > n, the fibres of the projection 7i m (Gr(X)) — > 7T n (Gr(Af)) are of dimen- 
sion < (m — n)d. 

3.3.2. Lemma. — Let X be a formal R-scheme whose generic fibre Xk is of 
dimension d. Let S be a closed formal R-subscheme of X such that Sk is of di- 
mension < d. Then, for all integers n. i and I such that n > i > 75 (^), where 75 
is the Greenberg function of S defined in \2. 5. 4 7r n t x(7T^ x GiCi(S)) is of dimension 
<(n + l)d-£-l. 

3.4. Grothendieck rings. — Let k be a field. We denote by K (Va,rk) the abelian 
group generated by symbols [S], for S a variety over k, with the relations [S] = [S 1 ] if 
S and S' are isomorphic and [S] = [S 1 ] + [5'\5"] if 5" is closed in S. There is a natural 
ring structure on K {Vajc k ), the product being induced by the cartesian product of 
varieties, and to any constructible set S in some variety one naturally associates 
a class [S] in i^o(Varfc). We denote by Xo(Varfc) loc the localisation -K"o(Varfc) loc := 
i^o(Varfc)[L _1 ] with L := [A].]. We denote by F m K (Vark)i oc the subgroup generated 
by [SlL -1 with dimS 1 — i < —m, and by K {Vai k ) the completion of K (Var k ) loc 
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with respect to the filtration F , p|. We will also denote by F' the filtration induced 
on i^o(Varfc). We denote by K {Vaik) loc the image of i£o(Varfc) loc in K (yaik). We 
put on the ring K (VaXk) a structure of non-archimedean ring by setting | |o| | := 2~ n , 
where n is the largest n such that a G F n K (VaXk), for a ^ and ||0|| = 0. 

3.5. Cylinders. — Let X be a formal -R-scheme. A subset A of Gr(A') is cylin- 
drical of level n > if A = n^iC) with C a constructible subset of Gv n {X). We 
denote by Cx the set of cylindrical subsets of Gr(Af) of some level. Let us remark 
that Cx is a boolean algebra, i.e. contains Gt(X), 0, and is stable by finite inter- 
section, finite union, and by taking complements. It follows from Proposition |3.1.1| , 
that if A is cylindrical of some level, then n n (A) is constructible for every n > 0. 
A basic finiteness property of cylinders is the following: 

3.5.1. Lemma. — Let A i; % e / , be an enumerable family of cylindrical subsets 
of Gr(X). If A := Uj e /Aj is also a cylinder, then there exists a finite subset J of I 
such that A := U^jAi. 



Proof. — Since Gr(Af) is quasi-compact, this follows from Theoreme 7.2.5 of [13 



□ 

3.6. Motivic measure for cylinders. — Let X a flat formal i?-scheme of relative 
dimension d. Let A be a cylinder of Gr(Af). We shall say A is stable of level n if it 
is cylindrical of level n and if, for every m > n, the morphism 

7r m+ i(Gr(^)) — * 7r m (Gr(*)) 

is a piecewise trivial fibration over Tr n (A) with fibre A^. We denote by Co,;t the set 
of stable cylindrical subsets of Gt(X) of some level. 

It follows from Proposition |3.1.2j that every cylinder in Gt(X) is stable when X 
is smooth. When X is no longer assumed to be smooth, C 0) ;f is in general not a 
boolean algebra, but is an ideal of C^: C ,;t contains 0, is stable by finite union, 
and the intersection of an element in Cx with an element of C 0) ;f belongs to C 0t x- 
In general Gr(A") is not stable, but it follows from Proposition |3.2.1| that Gr^(Af) 
is a stable cylinder of Gr(A'), for every e > 0. 
From first principles, one proves (cf. [|J0|| , ||24|| ): 

3.6.1. Proposition-Definition. — There is a unique additive morphism 

fi : Co,* — > K (Var fc ) loc 

such that ji(A) = [n n (A)] h^ ( - n+1 ^ d 1 when A is a stable cylinder of level n. Further- 
more the measure fl is a-additive. 



One deduces from Proposition |3.3.1| and Proposition |3.3.2j , cf. ||10|| , ||24| , the follow- 
ing: 



( 4 ^It is still unknown whether the filtration F' is separated or not. 
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3.6.2. Proposition. — 

(1) For any cylinder A in C%, the limit 

H{A) := limfi{AnGi (e) {X)) 

e— >oo 

exists in Ko(Vaik). 

(2) If A belongs to Co,*, then /ji(A) coincide with the image of J2(A) in K (Vaik). 

(3) The measure A i— > /jl(A) is a-additive. 

(4) For A and B in C x , \\n(A U B)\\ < max(||//(A)||, \\n{B)\\). If A C B. 
\HA)\\ < \HB)\l 

3.7. Measurable subsets of Gr(A'). — For A and B subsets of the same set, we 
use the notation AAB for A U B \ A n 5. 

3.7.1. Definition. — We say that a subset A of Gr(A') is measurable if, for every 
positive real number s, there exists an e-cylindrical approximation, i.e. a sequence 
of cylindrical subsets Ai(e), i G N, such that 



i>l 



and ||yu(Aj(e))|| < £ for all z > 1. We say that A is strongly measurable if moreover 
we can take A (e) C A. 

3.7.2. Theorem. — If A is a measurable subset of Gr(X), then 

fi(A) := \ima(A (e)) 

exists in K Q {Vaik) and is independent of the choice of the sequences Ai{e), i G N. 

For A a measurable subset of Gt(X), we shall call fi(A) the motivic measure of A. 
We denote by D# the set of measurable subsets of Gr(A"). 
One should remark that obviously Cx is contained in D^. 

3.7.3. Proposition. — 

(1) Dx is a boolean algebra. 

(2) If A i; i G N, is a sequence of measurable subsets of Gr(X) with lim^oo ||/i(Aj)|| = 
0, then UjgN^i is measurable. 

(3) Let Ai, i G N, be a family of measurable subsets of Gt(X). Assume the sets Ai 
are mutually disjoint and that A := UjgN^i is measurable. Then ^ ieN n(Ai) 

converges in K {Vaik) to n(A). 

(4) If A and B are measurable subsets of Gt(X) and if A C B. then \\fi{A)\\ < 
MB)\\. 



3.7.4- Remark. — In the situation of Remark |2 .3 .3| , one can check that the notion 



of cylinders, stable cylinders, measurable subsets of Gr(X®i?) coincides with the 



analogous notions introduced in [|TT|| for subsets of C(X) 
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3.8. Order of the Jacobian ideal. — Let h : y — > X be a morphism of flat 
formal -R-schemes of relative dimension d. 

Let y be a point of Gr(y) \ Gr(34mg) defined over some field extension F of k. We 
denote by <p : Spf Rf — > y the corresponding morphism of formal -R-schemes. We 
define ord zu (JaCh)(y), the order of the Jacobian ideal of h at y, as follows. 
From the natural morphism h*Qx\R — ► &y\R, one deduces, by taking the d-th exterior 
power, a morphism h*Q x , R — > Qy\ R , hence a morphism 

((p*h*tt%t R )/ (torsion) — ► (ip*Vt y][R )/ (torsion). 

Since L := ((p*fly, R )/ (torsion) is a free Or f -module of rank 1, it follows from the 
structure theorem for finite type modules over principal domains, that the image of 
M := ((p*h*VL d x > R ) / (torsion) in L is either 0, in which case we set ord ro (Jac/ l )(y) = oo, 
or m n L, for some n G N, in which case we set ord ro (Jac/ l )(y) = n. 

3.9. The change of variable formula. — If h : y — > X is a morphism of formal 
i?-schemes, we still write h for the corresponding morphism Gr(^) — >■ Gr(Af). 

The following lemmas are basic geometric ingredients in the proof of the change of 



variable formula 3.9.3 and 3.9.4. 



3.9.1. Lemma. — Let h : y —>■ X be a morphism between flat formal R-schemes 
of relative dimension d. We assume y is smooth. For e and e' in N we set 

A e , e , := [if G Gr(y) | ord ro (Jac h )( 2/ ) = e and h(<p) G Gr( e ')(^)}. 

Then, there exists c in N such that, for every n > 2e, n > e + ce' , for every (p in 
A e , e / and every x in Gr(Af) such that ii n (h({p)) = 7i n (x), there exists y in Gr(T') such 
that h(y) = x and ir n -e(v) = n n -e(y)- 

3.9.2. Lemma. — Let h : y — >• X be a morphism between flat formal R-schemes 
of relative dimension d. We assume y is smooth. Let B be a cylinder in Gr(T') and 
set A = h(B). Assume ord G7 (Jac/ l ) is constant with value e < oo on B and that 
A C Gr 1 - 6 '(X) for some e' > 0. Then A is a cylinder. Furthermore, if the restriction 
of h to B is injective, then for n ^> 0, the following holds: 

(1) If <f and ip 1 belong to B and n n (h(ip)) = n n (h({p')) , then 7r„_ e (<^) = 7r n _ e ((^ / ). 

(2) The morphism ir n (B) — > rc n (A) induced by h is a piecewise trivial fibration with 
fibre A e k . 

For a measurable subset A of Gr(Af) and a function a : A — > Z U {oo}, we say 
that L~ Q is integrable or that a is exponentially integrable if the fibres of a are 
measurable and if the motivic integral 



converges in K (V&r k ). 



I L- a dfx := J2 V( A n a- l (n))L- 
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When all the fibres y4flo;~ 1 (n) are stable cylinders and a takes only a finite number 
of values on A, it is not necessary to go to the completion of K (yaik)i oc and one 
may define directly 



I L~ a djl := J2 ~^ A n a-\n))L- n 



neZ 

in ir (Var fc ) loc . 

3.9.3. Theorem. — Let h : y — > X be a morphism between flat formal R-schemes 
of relative dimension d. We assume y is smooth. Let B be a strongly measurable 
subset of'Gr(y). Assume h induces a bijection between B and A := h(B). Then, for 
every exponentially integrable function a : A —>■ ZUoo, the function ao/i+ord tX7 (Jac^) 
is exponentially integrable on B and 



[ L- a d[i = I L- Q0/l -° rd - (JaCh) rf/i. 

J A J B 



We shall also need the following variant of Theorem 3.9.3 



3.9.4- Theorem. — Let h : y — > X be a morphism between flat formal R-schemes 
of relative dimension d. We assume y and Xk are smooth and that the morphism 
hx '■ yx — ► Xk induced by h is etale (cf. pfj. Let B be a cylinder in Gi{y). Assume 
h induces a bijection between B and A := h(B) and that A is a stable cylinder of 
Gr(X). Then the fibres B f] ord ro (Jac/i) _1 (n) are stable cylinders, ord ro (Jac/ l )~ 1 (n) 
takes only a finite number of values on B, and 



f dfi= f L-° ld ^ aCh) dfi 

J A JB 



in K (V&Y k ] 



loc ■ 



4. Integration on smooth rigid varieties 



4.1. Order of differential forms. — Let X be a flat formal i?-scheme equidi- 
mensional of relative dimension d. Consider a differential form oo in Q X , R (X). Let 
i be a point of Gr(A') \ Gr(X sing ) defined over some field extension F of k. We 
denote by if : Spf Rf — > X the corresponding morphism of formal -R-schemes. Since 
L := (ip*Q x , R ) /(torsion) is a free O^-module of rank 1, it follows from the struc- 
ture theorem for finite type modules over principal domains, that its submodule M 
generated by (f*uo is either 0, in which case we set ord ro (co>)(x) = oo, or zu n L, for 
some n e N, in which case we set ord ro (a;)(x) = n. 

Since there is a canonical isomorphism Q Xk (Xk) — ft X i R (X) ®rK (cf. Proposition 
1.5 of [§]), if to is in VL Xk (X k ), we write to = zu~ n tJ : with to in VL d x < R (X) and n E N, 
we set ord ro ^(cj) := ord ro (cu) — n. Clearly this definition does not depend on the 
choice of Co. 
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4-1.1. Lemma. — Let h : y —> X be a morphism between flat formal R-schemes 
equidimensional of relative dimension d. Let u be in Q X , R (X) (resp. in Q Xk (Xk)). 
Let y be a point in Gr(y) \ Gr(y sing ) and assume h(y) belongs to Gr(A') \ Gr^ing). 
Then 

OT&^(h*uj)(y) = OT& w {uj)(h{y)) + ord ro (Jac ft )(y), 
resp. 

oid m y(h* K u)(y) = OTd Wt x(i^)(h(y)) + ord ro (Jac /l )(y). 

Proof — Follows directly from the definitions. □ 

4-1.2. Theorem- Definition. — Let X be a smooth rigid variety over K, purely 
of dimension d. Let uj be a differential form in Q X (X). 

(1) Let X be a formal i?-model of X. Then the function ord roj ;f (^) is exponentially 
integrable on Gr(Af) and the integral f Gl(x \ Li~ ordiu - x ^dfi in X (Var fc ) does not 
depend on the model X. We denote it by f x udfj,. 

(2) Assume furthermore a; is a gauge form, i.e. that it generates fi x at every point 
of X, and assume some open dense formal subscheme U of X is a weak Neron 
model of X. Then the function ord roi ^(^) takes only a finite number of values 
and its fibres are stable cylinders. Furthermore the integral f Gl , X \ Li~ OTdm - x ^djl 
in K (V&Yk) loc does not depend on the model X. We denote it by J x ujdjl. 

Proof — Let us prove (2). Write u = w~ n u, with uj in Q X , R (X) and n G N. Since 
U is smooth, ^ly\ R is locally free of rank 1 and CjOjj ® (^i#) _1 is isomorphic to 
a principal ideal sheaf (f)Ou, with / in Oy. Furthermore, the function ord ro ^(o)) 
coincides with the function ord ro (/) which to a point <p of Gt(IA) = Gr(A^) asso- 
ciates ord ro (/(v?)). The fibres of ord ro (/) are stable cylinders. Since uj is a gauge 
form, / induces an invertible function on X, hence, by the maximum principle 
(cf. Q), the function ord OT (/) takes only a finite number of values. To prove that 
f Gl , x \ h~ ord ^' x ^djl in K (V&Y k ) loc does not depend on the model X, it is enough 
to consider the case of another model X' obtained from X by an admissible formal 
blow-up h : X' — > X. We may also assume X' contains as an open dense formal 
subscheme a weak Neron model W of X. The equality 

J L-° vd ^ x ' {uj) d(i= [ L-° vd ™' x(uj) d(x 

JGt(X') JGt(X) 

then follows from Lemma |4.1.1| and Theorem 'S.9.4 . Statement (1) follows similarly 



from Lemma |4.1.1| and Theorem |3.9.3| . □ 



4-1.3. Remark. — A situation where gauge forms naturally occur is that of re- 
ductive groups. Let G be a connected reductive group over k. B. Gross constructs in 



16| , using Bruhat-Tits theory, a differential form of top degree ujq on G which is de- 
fined up to multiplication by a unit in R. One may easily check that the differential 
form ujg induces a gauge form on the rigid K-group G ng := {G®R)k- 
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4-1. 4- Lemma. — Let X be a smooth rigid variety over K , purely of dimension 
d, and let uj be a gauge form on X. Let O = {Oi)i<=.j be a finite admissible covering 
and set Oi := fljg/Oj for I C J . Then 






d^ICJ 

If uj is only assumed to be a differential form in Q X (X), then 



JX 0^/cJ ^ 0l 



Proof. — Let us prove the first statement, the proof of the second one being similar. 
It is enough to consider the case \J\ = 2. Choose an i?-model X containing a weak 
Neron model U of X as an open dense formal subscheme and such that the covering 
X = 0\ U O2 is induced from a covering X = 0\ U O2 by open formal subschemes. 
It is sufficient to prove that 



JGt(X) JGt{Oi) Jgt(0 2 ) 

_ / L _0rdra '°l n0 2( a; IOin0 2 )^ ) 

JGv(o^nOo) 



'Gr(Oin0 2 ) 

which follows from the fact that for every open formal subscheme O of X the function 
ord ro) A"(^) restricts to ord m ^o(u\o K ) on Gr(O) and the equalities Gt(X) = Gr(Ci) U 
Gr(£> 2 ) and Gr(d)nGr(0 2 ) = Gr(dnC 2 ) which follow from Proposition gX| D 

4.1.5. Proposition. — Let X and X' be smooth rigid K -varieties purely of di- 
mension d and d' and let uj and uj' be gauge forms on X and X ' . Then 

uj x uj'djx = / uodfi x / uj'dfi. 

XxX' JX JX' 

If uj and uj' are only assumed to be differential forms in Q X (X), then 

uj x uj'djj, = / ujdfx x / uj'dfi. 

XxX' JX JX' 

Proof — Let us prove the first assertion, the proof of the second one being similar. 
Choose -R-models X and X' of X and X' respectively containing a weak Neron model 
U of X and W of X' as an open dense formal subscheme. Also write uj = w~ n uj and 
uj' = m~ n uj', with uj and uj' in VL d x , R {X) and Q x n R (X'), respectively. It enough to 
check that jl(oTd Wj x x x>(u) x Co') = m) is equal to Y^ m '+m"=m H ot ^,x(oj) = m') x 
A(ord ro ,A" (£') = m") , which follows the fact that on Gr(^ x X') ~ Qi{X) x Gr ( X') = 
Grill) x Gr(W), the functions ord^^x^'^ x Co') and ord^^cj) + ord ro ^/(d;') are 
equal. □ 
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4.2. Invariants for gauged smooth rigid varieties. — Let d be an integer 
> 0. We define -K"o(GSRig^-), the Grothendieck group of gauged smooth rigid K- 
varieties of dimension d, as follows: as an abelian group it is the quotient of the free 
abelian group over symbols [X, uj] , with X a smooth rigid K- variety of dimension d 
and uj a gauge form on X by the relations 

[X',uj'} = [X,uj] 

if there is an isomorphism h : X' — > X with h*uj = uj', and 

0^/cJ 

when (Oj)j e j is a finite admissible covering of X, with the notation Oj := n iG /Oj 
for I C J . One puts a graded ring structure on i^ (GSRig x ) := ©d-Ko(GSRig^) by 
requiring 

[X,oj] x [X',oj'} := [X xX',ujx uj'}. 

Forgetting gauge forms, one defines similarly _K" (SRig^-), the Grothendieck group 
of smooth rigid K- varieties of dimension d, and the graded ring ^(SRig^) := 
®dKo{§Rig d K ). There are natural forgetful morphisms 

F : K (GSRigl) — * K (SRig d K ) 

and 

F : K (GSRig x ) — * K (SRig K ). 

4-2.1. Proposition. — The assignment which to a gauged smooth rigid K -variety 
(X, uj) associates J x ujd/2 factorizes uniquely as a ring morphism 

P. : X (GSRig x ) -► ^o(Var fc ) loc . 
Proof. — This follows from Lemma [4.1.4] and Proposition [4.1. 5| . □ 



4.3. A formula for f x udjl. — Let X be a smooth rigid variety over K of pure 
dimension d. Let U be a weak Neron model of X contained in some model X of X 
and let uj be a form in VL d x \ R (X) inducing a gauge form on X. We denote by £/q, 
i G J, the irreducible components of the special fibre of U. By assumption, each Uq 
is smooth and Uq fl Uq = for i ^ j. We denote by ord^a;) the unique integer n 
such that w~ u uj generates ^l d x \ R at the generic point of Uq. More generally, if uj is a 
gauge form in Qx k (Xk), we write uj = w~ n uj, with uj in VL d x * R (X) and n G N, and 
we set ord[/i(a;) := ord;p(d;) — n. 

4-3.1. Proposition. — Let X be a smooth rigid variety over K of pure dimension 
d. Let U be a weak Neron model of X contained in some model X of X and let uj 
be a gauge form in Vt d XK {X K ). With the above notations, we have 

d V^ lYril T -° rd (7»H 



/ udfi = L- d J2 Po] L 
Jx ieJ 
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in K (Var k ] 



loc' 



Proof. — Denote by Uq the irreducible component of X with special fibre U\. Since 
Gr(Af) is the disjoint union of the sets Gr(Wg), we may assume A? is a smooth 
irreducible formal .R-scheme of dimension d. Let u be a section of Q X i R (X) which 
generates fl x \ R at the generic point of X and induces a gauge form on the generic 
fibre. Let us remark that the function ord roj ;t(u;) is identically equal to 1 on Gr(A'). 
Indeed, after shrinking X, we may write u = fuj with c^o a generator £l d x \R a ever Y 
point and / in Qx{X). By hypothesis / is a unit at the generic point of X. Assume 
at some point x of Gr(Af), oid m f{x) > 1 ; it would follow that the locus of / = 
is non empty in X, which contradicts the assumption that u induces a gauge form 
on the generic fibre. Hence, we get j G , x ,\j~ mdm - x ^d[i = L~ d [X ], and the result 
follows. □ 

4.4. Application to Calabi-Yau varieties over K. — Let X be a Calabi-Yau 
variety over K. By this we mean a smooth projective algebraic variety over K of pure 
dimension d with fix trivial. We denote by Y an the rigid ^-variety associated to X. 
Since X is proper, Y an is canonically isomorphic to the generic fibre of the formal 
completion X®R. By GAGA (cf. gg Theorem 2.8), Q d x ^(X an ) = Q X {X) = K. 
Now we can associate to any Calabi-Yau variety over K a canonical element in the 
ring -K"o(Var fc ) loc which coincides with the class of the special fibre when X has a 
model with good reduction. 

4- 4-1- Theorem. — Let X be a Calabi-Yau variety over K , letlA be a weak Neron 
model of Y an and let u be a gauge form on Y an . We denote by Uq, i G J, the 
irreducible components of the special fibre oflA and set a(u) := inf ord[/»(o;). Then 
the virtual variety 

(4.4.1) [X]:=^[^]L aH -° rd -o M 

ieJ 

in i^o(Varfc) loc only depends on X . When X has a proper smooth model with good 
reduction over R, [X] is equal to the class of the special fibre. 

Proof. — Let u be a gauge form on X an . By Proposition |4.3.1| , the right hand side 
of (J4.4.1| ) is equal to L d ~ Q<w ) J xan ujdjl which does not depend on u. □ 



In particular, we have the following analogue of Batyrev's result on birational pro- 
jective Calabi-Yau manifolds (l|, ||10| . 



4 -4 •%• Corollary. — Let X be a Calabi-Yau variety over K and let X and X' be 
two proper and smooth R-models of X with special fibres X Q and Xq. Then 

[Xo] = [<\ 
in K (Var fe ) loc . □ 
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4- 4-3. Remark. — Calabi-Yau varieties over k((t)), with k of characteristic zero 



have been considered in 18 



4.5. A motivic Serre invariant for smooth rigid varieties. — We can now 

define the motivic Serre invariant for smooth rigid varieties. 

4.5.1. Theorem. — There is a canonical ring morphism 

A : K (SRig K ) — ► K (Var fc ) loc /(L - l)^ (Var fc ) loc 
such that the diagram 

K (GSRig K ) ? ^o(Var fc ) loc 



K (SRig K ) -U iT (Var fc ) loc /(L - l)^ (Var fc ) loc 

is commutative. 

Proof. — Since any smooth rigid K- variety of dimension d admits a finite admissible 
covering by affinoids (Oi)i & j, with Qq. trivial, the morphism F is surjective. Hence 
it is enough to show the following statement: let X be a smooth formal .R-scheme 
of relative dimension d with Q d x \ R trivial, and let U\ and u 2 be two global sections 

of £Ix\r inducing gauge forms on the generic fibre X Kl then fQ T (x){I J ~ OTd ™' x — 
L~° xdm > x ^ 2 >)djl belongs to (L — l)fC (Var fc ) loc . To prove this, we take tu a global 
section of £l x i R such that Q d x \ R — uj Ox- If ui is any global section of £l x \ R , write 
oj = fujQ with / in Ox(X). By the maximum principle, the function ord ro (/) takes 
only a finite number of values on Gt(X). It follows we may write Gr(X) as a disjoint 
union of the subsets Gr(A') or d ro (/)=n where ord ro (/) takes the value n. These subsets 
are stable cylinders and only a finite number of them are non empty. Hence the 
equality 

f (L -o r <WM _ L -or^ xM)dfi = yV L -n _ l) /i ( G r(A') ordro(/)=n ) 

JGt(X) 

holds in ifo(Varfc) loc and the statement follows. □ 

4-5.2. Remark. — The ring i^ (Var fc ) loc /(L — l)K (Var fc ) loc is much smaller than 
-K" (Var fc ) loc , but still quite large. Let £ be a prime number distinct from the 
characteristic of k. Then the etale £-adic Euler characteristic with compact sup- 
ports X \— > Xc,e(X) := J^(— l) 4 dimif* 6t (X, Q^) induces a ring morphism Xc,e '■ 
i^o(Varfc) loc /(L — l)K (y&rk)\ oc —> Z. Similarly, assume there is a natural morphism 
H : K (y&Yk) loc — * 7i[u, v] which to the class of a variety X over k assigns its Hodge 
polynomial H(X) for de Rham cohomology with compact support. Such a morphism 
is known to exist when k is of characteristic zero. Then if one sets Hx/ 2 (X)(u) := 
H(X)(u,u~ 1 ) one gets a morphism H 1/2 : K (Var fe ) loc /(L - l)i*r (Var fc ) loc -> Z[u], 
since H(A\) = uv. 
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4-5.3. Theorem. — Let X be a smooth rigid variety over K of pure dimension 
d. LetlA be a weak Neron model of X and denote by Uq its special fibre. Then 

K[x\) = [Uo] 

m K (Var fc ) loc /(L - l)K (Var fc ) loc . 

In particular, the class of [Uo] in -K"o(Varfc) loc /(L — l)fC (Varfc) loc does not depend 

on the weak Neron model U. 

Proof. — By taking an appropriate admissible cover, we may assume there exists 



a gauge form on X, in which case the result follows from Proposition |4.3.1|, since 
[Uo] = ^2i E j[Uo\- (In fact, one can also prove Theorem |4.5.1| that way, but we 
prefered to give a proof which is quite parallel to that of Serre in ||25|| .) □ 



4.6. Relation withp-adic integrals on compact locally analytic varieties. — 

Let K be a local field with residue field k = F q . Let us consider the Grothendieck 
group -Ko(SLocAn^-) of compact locally analytic smooth varieties over K of pure 
dimension d, which is defined similarly as K (SRig K ) replacing smooth rigid vari- 
eties by compact locally analytic smooth varieties and finite admissible covers by 
finite covers. Also a nowhere vanishing locally analytic d-iorm on a smooth compact 
locally analytic variety X of pure dimension d will be called a gauge form on X, 
and one defines the Grothendieck group i^o(GSLocAn^) of gauged compact locally 
analytic smooth varieties over K of pure dimension d similarly as i^o(GSRig^). 
There are canonical forgetful morphisms F : ^(SRig^-) — > i^o(SLocAn^) and 
F : ^(GSRig^) — > -Ko(GSLocAn^) induced from the functor which to a rigid va- 
riety (resp. gauged variety) associates the underlying locally analytic variety (resp. 
gauged variety) . If (X, to) is a gauged compact locally analytic smooth variety, the p- 
adic integral f x \u\ belongs to Z[g _1 ] (cf. ||25|| ), and by additivity of p-adic integrals 
one gets a morphism int p : i^o(GSLocAn^) — > Z[g -1 ]. 

On the other hand, there is a canonical morphism N : KoiVaik) -* Z which to 
the class of a k- variety S assigns the number of points of S(F q ), and which induces 
a morphism N : i^" (Var fc ) loc — > Z[g -1 ]. We shall also denote by N the induced 
morphism ^ (Var fc ) loc /(L - l)/^ (Var fe ) loc - Z[q- l ]/(q - l)Z[q- 1 ] ^ Z/(q - 1)Z. 

4-6.1. Proposition. - - Let K be a local field with residue field k = F q . Then the 
diagram 



Ko(GSRig^) -^-^ K Q {Var k ] 



loc 



F 



N 



Ko(GSLocAn^) P -^ Z[q' 1 ] 



is commutative. 



Proof. — One reduces to showing the following: let X be a smooth formal i?-scheme 
of dimension d and let / be a function in Ox(X) which induces a non vanishing 
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function on Xk, then 



N( I L-° rdro(/) rf/2) 



-ord ro (/) j~ 



djip, 



X{R) 



with dfip the p-adic measure on X(R). It is enough to check that N(jj(ovd w (f) = n)) 
is equal to the p-adic measure of the set of points x of X(R) with ord ro (/)(x) = n, 



which follows from Lemma 4.6.2 



□ 



4-6.2. Lemma. — Let K be a local field with residue field k = F q . Let X be a 
smooth formal R-scheme of dimension d. Let A be a (stable) cylinder in Gr(A'). 
Then N(p,(A)) is equal to the p-adic volume of An Gr(X)(k). 

Proof — Write A = 7r^' 1 (C), with C a constructible subset if Gr n (X). By def- 
inition ft(A) = h~ d ( n+1 > [C] . On the other hand X being smooth, the morphism 
A fl Gr(X)(k) — > C(k) is surjective and its fibres are balls of radius q~ d ( n+1 ) . It 
follows that the p-adic volume of A n Gi(X)(k) is equal to \C(k)\q~ d( - n+1 \ D 



Let us now explain the relation with the work of Serre in |25|]. Serre shows in |^5 
that any compact locally analytic smooth variety over K of pure dimension d is 
isomorphic to rB d , with r an integer > 1 and B d the unit ball of dimension d and 
that, futhermore, rB d is isomorphic to r'B d if and only if r and r' are congruent 
modulo q — 1. We shall denote by s(X) the class of r in Z/(q — 1)Z. It follows from 
Serre's results that s induces an isomorphism s : i^o(SLocAn^) — > Z/(q — 1)Z and 
that the diagram 



ATo(GSLocAn^) 



Z[q~ 



A^o(SLocAn^) ^ L - Z/(q - 1)Z 



is commutative. The following result then follows from Proposition |4.6.1 



4-6.3. Corollary. — Let K be a local field with residue field k — F q . Then the 
diagram 



„d^ A 



K (SRig d K ) -^- K (Var fe ) loc /(L - l)K (Var fc ; 



A- (SLocAn^) 



loc 



A' 



-Z/(g-l)Z 



is commutative. 



□ 
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5. Essential components of weak Neron models 
5.1. Essential components and the Nash problem. — Since we shall proceed 



by analogy with ||21|| , let us begin by recalling some material from that paper. We 

assume in this subsection that k is of characteristic zero and that R = k[[cu]]. 

For X an algebraic variety over k, we denote by C(X) its arc space as defined in 

10|| . In fact, in the present §, we shall use notations and results from ||10|| , even 



when they happen to be special cases of ones in this paper. As remarked in |2.3.3| , 



C(X) = Gi(X®R) and there are natural morphisms 7r n : C(X) — > C n (X) with 

C n (X) = Gi n (X®R n ). 

By a desingularization of a variety X we mean a proper and birational morphism 

h:Y — >X, 

with Y a smooth variety, inducing an isomorphism between /i _1 (X \ X sing ) and 
X \ X sing (some authors omit the last condition). 

Let h : Y — > X be a desingularization of X and let D be an irreducible component 
of h~ x (Xsing) of codimension 1 in Y . If h' : Y' — > X is another desingularization of 
X, the birational map (ft : h'~ x o h : Y ---» Y' is defined at the generic point £ of 
D, since h' is proper, hence we can define the image of D in Y' as the closure of 
0(£) in Y' . One says that D is an essential divisor with respect to X, if, for every 
desingularization h' : Y' —>■ X of X the image of D in Y' is a divisor and that D is an 
essential component with respect to X, if, for every desingularization h! : Y' — > X 
of X the image of D in Y' is an irreducible component of h'~ 1 {X s \ n? ). In general, 
if D is an irreducible component of h~ 1 (X S i ng ), we say D is an essential component 
with respect to X, if there exists a proper birational morphism p :Y' — > Y, with Y' 
smooth, and a divisor D' in Y' such that D' is an essential component with respect 
to X and p(D') = D. It follows from the definitions and Hironaka's Theorem that 
essential components of different resolutions of the same variety X are in natural 
bijection, hence we may denote by r{X) the number of essential components in any 
resolution of X. 

Let W be a constructible subset of an algebraic variety Z. We say that W is 
irreducible in Z if the Zariski closure W of W in Z is irreducible. 
In general let W = Ui<i< n W( be the decomposition of W into irreducible compo- 
nents. Clearly Wi := W[ fl W is non empty, irreducible in Z, and its closure in Z is 
equal to W[. We call the W^s the irreducible components of W in Z. 
Let E be a locally closed subset of /i~ 1 (A A sing ). We denote by Z E the set of arcs 
in C{Y) whose origin lies on E but which are not contained in E. In other words 
Ze = n® (E) \ C(E). Let us remark that if E is smooth and connected, n n (Z E ) is 
constructible and irreducible in C n (Y). Now we set N E '■— h(Z E ). Since n n (N E ) is 
the image oiii n (Z E ) under the morphism C n (Y) — > C n (X) induced by h, it follows 
that 7r n (N E ) is constructible and irreducible in C n (Y). 



The following result, proved in [21], follows easily from the above remarks and 



Hironaka's resolution of singularities: 
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5.1.1. Proposition (Nash ||21|| ). — Let X be an algebraic variety over k, afield 
of characteristic zero. Set Af(X) := n 1 (X sing ) \ £(X sing ). For every n > 0, 

ir n (J\f(X)) is a constructible subset of C n (X). Denote by W^, . . .Wn the irre- 
ducible components of TT n (J\f(X)). The mapping n i— »■ r(n) is nondecreasing and 
bounded by the number t(X) of essential components occuring in a resolution of X. 

Up to renumbering, we may assume that W % n+1 maps to W% for n ^> 0. Let us call 
the family (W^) n> o a Nash family. Nash shows furthermore that for every Nash 
family (W^) n> o there exists a unique essential component E in a given resolution 
h : Y -> X of X such that n n (N E ) = W n for n > 0. 
Now, we can formulate the Nash problem: 



5.1.2. Problem (Nash ||21| p. 36). — Is there always a corresponding Nash fam- 
ily for an essential component? In general, how completely do the essential compo- 
nents correspond to Nash families? What is the relation between t(X) and limr(n) ? 

Let W be a constructible subset of some variety X. We denote the supremum of 
the dimension of the irreducible components of the closure of W in Y by dim W. 
Let h : Y — > X be a proper birational morphism with Y a smooth variety. Let E 
be a codimension 1 irreducible component of the exceptional locus of h in Y. We 
denote by v(E) — 1 the length of Qy/^^x a t the generic point of E. Here Q x 
denotes the <i-th exterior power of the sheaf Vt l x of differentials on X. 

5.1.3. Proposition. — Let X be a variety of pure dimension d over k, a field 
of characteristic 0. Let h : Y — > X be a proper birational morphism with Y a 
smooth variety and let U be a non empty open subset of a codimension 1 irreducible 
component E of the exceptional locus of h inY . Then 

dimvr^iVV) = (n + 1) d- v(E) 

for n ^> 0. 

Proof. - - By Theorem 6.1 of (TOf, the image of [ii n (N u )]L- {n+ ^ d in K^Vax k ) con- 
verges to h{Njj) in -K" (Var fc ). Since dmm n {Nu) < (n + l)d by Lemma 4.3 of ||10|| , 
one deduces the fact that dim7r n (A' r [/) — (n+ 1) d has a limit. To conclude we first 
remark that vr n (iV[/) = Ti n {NE) for any non empty open subset U in E. Hence we 
may assume that (h*Q x ) /torsion is locally free on a neighborhood of U. It then 
follows from Proposition 6.3.2 in ||10|| . or rather from its proof, that 



KNu) = L- d [U](L-l)J2^ 






in A" (Var fc ). Hence n{N v ) belongs to F^ E "> and not to F u ^ +l , and the result 
follows. □ 
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5.2. Essential components of weak Neron models. — We shall return now 
to the setting of the present paper. We shall fix a flat formal -R-scheme X of relative 
dimension d with smooth generic fibre Xk. By a weak Neron model of X, we shall 
mean a weak Neron model U of Xk together with a morphism h :IA — > X inducing 
the inclusion Uk ^ X K . As before we shall denote by Uq, i G J, the irreducible 
components of the special fibre of U. Let £ J denote the generic point of Uq. We 
shall say Uq is an essential component with respect to X if, for every weak Neron 
model W of X, the Zariski closure of ^wi^ouiC)) is an irreducible component of 
the special fibre of W . Note that being an essential component is a property relative 
to X . By their very definition, essential components in different weak Neron models 
of X are in natural bijection. 
We have the following analogue of Proposition |5.1.1 . 



5.2.1. Proposition. — Let X be a flat formal R-scheme of relative dimension d 
with smooth generic fibre Xk- Denote by W 1 , ■ ■ ■ Wn the irreducible components 
of the constructible subset 7r n (Gr(A')) of Gi n (X). The mapping n \— > r(n) is non- 
decreasing and bounded by the number t(X) of essential components occuring in a 
weak Neron model of X . 

Proof. — Clearly the mapping n i— > r{n) is nondecreasing. Let h : U — > X be a weak 
Neron model of X, with irreducible components U\ i G J . Since W is smooth and 
irreducible, 7r„ iW (Gr(W J )) is also smooth and irreducible, hence the Zariski closure of 
h^njjiGiiU 1 ))) = T[ ny x{Gi{U 1 )) in Gr n (,Y) is irreducible. Since Gr(A") is the union 
of the subschemes Gr(W), it follows that r{n) is bounded by \J\. Now if W is not an 
essential component, there exists some weak Neron model of X, hi : W — > X, such 
that, if we denote by W l the image of Gi{U l ) in Gr(W), ^nU'^W 1 ) ls contained in 
the Zariski closure of 7r nW /(Gr(W) \ W l ). It follows that 7r n ^(Gr(W*)) is contained 
in the closure of 7r n tX (Gi{U) \ Gr(U 1 )). The bound r(n) < t(X) follows. □ 

As previously, we may, up to renumbering, assume that W^ +1 maps to W£ for 
n ^> 0. We shall still call the family (W^) n>0 a Nash family. Let £* be the generic 
point of W^. By construction Cn+i ma P s to ^ under the truncation morphism 
Gr„ +1 (A') — > Gr n (A'), hence to the inverse system (£^) n >o corresponds a point £ l of 
Gr(A'). Let h : U — > X be weak Neron model of X with irreducible components W , 
j G J. There is a unique irreducible component W^' such that the point £ l belongs 
to Gr(W j(i) ). Furthermore, h(n n (Gi(W^)) = Wl for n > and it follows from the 



proof of Proposition |5.2.1| that Uq is essential. 



We have the following analogue of the Nash problem: 

5.2.2. Problem. — Is there always a corresponding Nash family for an essential 
component? In general, how completely do the essential components correspond to 
Nash families? What is the relation between t(X) and limr(n) ? 

For E a locally closed subset of the special fibre of U, we set Z E := tTq^E)) and 
N E := h(Z E ). Remark that, for every n, n n (Z E ) and n n (N E ) are constructible 
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subsets of Gr n (U) and Gr n (Af), respectively. Indeed, Tr n (ZE) is constructible since 
U is smooth, hence n n (NE) = h(Ti n (ZE)) also. We denote by v(Uq) — 1 the length 
of Q<u\ R lh*Q, d x \R at ^e generic point £ l of Uq. 
We also have the following analogue of Proposition |5.1.3| . 



5.2.3. Proposition. — Let X be a flat formal R-scheme of relative dimension d 
with smooth generic fibre Xk- Let h :U — > X be a weak Neron model of X and let 
E be an open dense subset of an irreducible component Uq of the special fibre oflA. 
Then 

&imn n {N E ) = {n + l)d-v{Ui) 
for n ~^> 0. 

Proof. — Fix an integer e > 0. By Lemma |3.9.2| , for n ^> e, 

dim7r n (JV£, n Gr (e) A") = diimr n (h- l (N E n Gr (e) ^)) - u(U l ) 

= (n+l)d-u{Ui). 
On the other hand, it follows from Lemma |3.3.2| that 

dim7r n (N E n(X\ Gr (e) ;f)) < (n + l)d - u(U l ), 
when n » e » v{Uq). D 
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